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Engineering  artificial “crystals” made by (laser) light
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We demonstrate site-resolved imaging of individual fermionic 6Li atoms in a 2D optical lattice.
To preserve the density distribution during fluorescence imaging, we simultaneously cool the atoms
with 3D Raman sideband cooling. This laser cooling technique, demonstrated here for the first
time for 6Li atoms, also provides a pathway to rapid low-entropy filling of an optical lattice. We
are able to determine the occupation of individual lattice sites with a fidelity >95%, enabling
direct, local measurement of particle correlations in Fermi lattice systems. This ability will be
instrumental for creating and investigating low-temperature phases of the Fermi-Hubbard model,
including antiferromagnets and d-wave superfluidity.

PACS numbers: 03.75.Ss, 07.60.Pb, 37.10.De

Particle correlations reveal the underlying order of an
interacting quantum many-body system. Strong correla-
tions give rise to rich quantum many-body phenomena
such as high-temperature superconductivity and colossal
magneto-resistance [1]. One approach toward studying
correlated many-body systems uses ultracold atoms to
implement a well-understood and tunable realization of
a particular model, and to use the behavior of the clean
atomic system as a benchmark for theory [2]. This “syn-
thetic matter” approach is especially fruitful for strongly-
correlated fermionic systems, where, for even the simplest
models, the sign problem of the Quantum Monte Carlo
method precludes accurate computations of thermody-
namic observables [3]. In addition to theoretical sim-
plicity and tunability, ultracold atomic systems can be
designed to have interparticle spacings of order the wave-
length of visible light. By placing a quantum gas under
an optical microscope we can therefore directly observe
and manipulate quantum correlations at their smallest
length scale. Such a quantum gas microscope has been
realized for bosonic 87Rb [4, 5] and 174Yb [6] atoms. In
bosonic systems, site-resolved imaging has been used to
study the quantum phase transition from a superfluid to
a Mott insulator [5, 7, 8] and from a paramagnet to an an-
tiferromagnet [9]. Single-site resolution also enables the
extraction of non-local order parameters such as string
order [10] and allows studies of strongly-correlated dy-
namics in optical lattices [11–13]. Until very recently [14–
16], however, site-resolved imaging had not been demon-
strated for fermionic atoms. In Fermi-Hubbard systems,
cold atom experiments without single-site resolution have
observed Mott insulators [17, 18] and antiferromagnetic
correlations [19, 20]. In these experiments, understand-
ing of the prepared many-body state is limited by lack of
direct access to the many-body wave function and the in-
ability to locally measure correlations. The extension of
quantum gas microscopy to fermions will provide novel
probes for Fermi lattice systems, such as site-resolved
spin correlation functions and local entropy measure-
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FIG. 1. (color online). Fluorescence image of atoms in a
single layer of a cubic lattice obtained using Raman sideband
cooling. The filling fraction in the center of the cloud is 40%.
We collect approximately 750 photons per atom during a 1.9 s
exposure. The colorbar is in arbitrary units.

ment.
Here, we demonstrate site-resolved imaging of

fermionic 6Li in a 2D optical lattice with high fidelity
[see Fig. 1]. 6Li is an especially suitable species for many-
body experiments with ultracold atoms because its light
mass leads to fast thermalization and dynamics, and its
broad magnetic Feshbach resonances [21] allow precise
control of atomic interactions. The natural energy scale
for particles of mass m, in an optical lattice with spacing
a, is the recoil energy, Er = h

2
/8a2m, where h is Planck’s

constant. For many-body physics, working with a light
atom gives an advantage because the recoil energy scales
inversely with the mass. Experiments studying antifer-
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Päivi Törmä, Frontiers of Quantum Gas Research – Lectures 7-12, ETH Zürich

The Fermi-Hubbard Hamiltonian is

Ĥ = �J
X

hn,mi

�
ĉ†n,� ĉn,� + h.c.
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+ U

X

n

n̂n,"n̂n,# ,

where ĉ†n,� is the creation operator for a fermion with (pseudo-) spin � =", # and lat-
tie site specified with discrete 3D (or 2D or 1D) set of integers marked with n. Here
hn,mi denoted summation over nearest neighbours. The operator n̂n,� = ĉ†n,� ĉn,� is
the density operator. The hopping coe�cient J and the interaction strength U are
given by optical lattice parameters by an expansion of the annihilation and creation
operators of each species with the help of Wannier functions:

Jn,m = �
Z

d3r w⇤(r� n)
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d3k eik·(n�m)Ek and (11.1)

Un,m,n0,m0 = g

Z
d3r w⇤(r� n)w⇤(r�m)w(r� n0)w(r�m0).

The band energy Ek and the Wannier functions are obtained from the Bloch equa-
tions for a single particle
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u(n)
k (r) = E(n)

k u(n)
k (r) . (11.2)

For approximate analytical formulas for J and U see e.g. [37]. If you have forgotten
these issues, please have a look at the autumn semester course.

The Fermi-Hubbard model leads to rich physics both for repulsive (U > 0)
and attractive (U < 0) interactions. The fermionic statistics and the spin degree of
freedom are behind many of the interesting phenomena found in the model. Here we
choose to discuss the attractive interactions first because this allows the describe
the BCS-BEC crossover in a lattice and thus there is a direct connection to the
previous lecture. The repulsive interaction case is discussed after that. We will also
discuss a mapping between the attractive and repulsive Hubbard model.

11.1 BCS-BEC crossover in a lattice

In case of weak attractive interactions, the Hubbard model has a BCS-type super-
fluid ground state. When the strength of the attractive interaction is increased, one
can observe the BCS–BEC crossover, but with some characteristics that are specific
for lattices. In particular, while the critical temperature is low in the BCS limit and
higher at unitarity both for the lattice and continuum cases, in the BEC limit the
critical temperature of a continuum gas stays nearly constant while the one in the
lattice decreases dramatically. We will now learn what is the origin of this di↵erence.

Let us start from the Fermi-Hubbard Hamiltonian introduced above:

Ĥ = �J
X

hn,mi

�
ĉ†n,� ĉn,� + h.c.

�
+ U

X

n

n̂n,"n̂n,# , (11.3)

where again J is the hopping energy and U now corresponds to an attractive on-
site interaction (U < 0). Mean-field approximation introducing pairing fields can be
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Entering the fermionic land…
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Proceedings of the International School of Physics "Enrico Fermi", Course CLXIV,  Varenna, edited 
by M. Inguscio, W. Ketterle, and C. Salomon (IOS Press, Amsterdam)



fBE(✏) =
1

e�(✏�µ) � 1
fF (✏) =

1

e�(✏�µ) + 1

Bosons Fermions



fF (✏) =
1

e�(✏�µ) + 1

In 1926, when he was professor in Florence, 
Enrico Fermi published his famous article 
on  the  “quantisa tion  o f  the  id ea l 
monoatomic gas”, unveiling the behavior of 
the  particles  that,  after  him,  would  have 
been named as fermions. 

On the Quantization of the Monoatomic Ideal Gas 
“Rend. Lincei”,3,145-149 (1926) 

English version @ 

arXiv:cond-mat/9912229




           

• Statistical “attraction” 
between  the particles

•  Atomic gases 

•  Photons

•  Phonons in crystal

•  4He 

 

• Statistical “repulsion” between

 the particles (Pauli exclusion)

•  Atomic gases 

•  Electrons and nuclei

•  White Dwarf

•  Metals

•  3He 

EF=kBTF

Bosons: Bose-Einstein condensate

(T=0)

Fermions: Fermi gas 
(T=0)



Atomic Fermi gases (in harmonic traps)



The physics depends on T/TF 

 T/TF>1: classical regime   ——    T< TF: quantum regime  

T=0:  the Fermi-Dirac distribution is:

� 

f F(ε) = 1
eβ (ε−µ ) +1

β=1/kBT, μ is the chemical potential. 

EF=μ @ T=0. 

The Fermi-Dirac distribution never 
exceeds 1, reflecting the Pauli 
exclusion principle

T/TF=0

T/TF=0.1

T/TF=0.3

T/TF=1

E



T/TF≠0: the step funct ion is 
smeared out around EF with a width 
of the order of ~EF × T/TF.  

If  T/TF > 1 the Fermi-Dirac 
becomes the “c lass ica l ” 
Boltzmann distribution:

� 

f (ε) ≈ e−β (ε−µ )

Bose
Boltzmann

Fermi

E

T/TF=0

T/TF=0.1

T/TF=0.3

T/TF=1

E



N identical fermions in a cylindrical harmonic trap:  

where ρ2=(x2+y2+λz2) and λ=ωa/ωr is the anisotropy of the trap   

The Pauli principle forbids multiple 
occupation of a single quantum state: 
fermions occupy one by one every state. 
The energy of the last occupied state (last 
fermion) is the Fermi energy EF. Fermi 
temperature: TF=EF/kB 

V (�) =
1
2
m⇥2

r�2

2.1 Non-interacting quantum gases

f(r,p) 1

E

EF

Figure 2.1: Sketch of the Fermi-Dirac distribution at zero temperature (black curve)
and T > 0 (red curve) and the resulting occupation of quantum states in a harmonic
trap filled with fermions. Every quantum state can be occupied by only one identical
fermion, thus for T = 0 all states up to the Fermi energy EF are filled, all states with
higher energy are empty. For non-zero temperature the Fermi-Dirac distribution be-
comes smooth, states with energy above the Fermi energy now have a non-zero prob-
ability to be occupied while states below EF have an occupation probability smaller
than unity.

gas can be calculated by integrating Equation 2.9 over r and p, respectively [Gio08]:

n(r) = 1
2ph̄
R

f (r, p)dp T!0��! 8N
p2xFyFzF

 
1 � x2

x2
F
� y2

y2
F
� z2

z2
F

!
(2.12)

n(p) = 1
2ph̄
R

f (r, p)dr T!0��! 8N
p2p3

F

 
1 � p2

p2
F

!
. (2.13)

Here we have used the relation EF =
p2

F
2m = 1

2 m
⇣

w2
xx2

F + w2
yy2

F + w2
z z2

F

⌘
. From this

we see that the momentum distribution of a non-interacting Fermi gas in a trap is
isotropic even if the trap itself is not. Anisotropic expansion of an atomic cloud re-
leased from its trap would thus be a sign of interaction effects in the Fermi gas. More
specifically, hydrodynamic behavior of a Fermi gas in an anisotropic trap leads to an
inversion of the aspect ratio of the cloud during time-of-flight [O’H02, Tre11].
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If we can define the density of state as:     

� 

!ωr,!ωa << kBT

  

� 

g(ε) = ε2

2(!ϖ)3

The total number of atoms of the system is given simply by:     

� 

N = dε g(ε)
eβ (ε−µ ) +1∫

  

� 

EF = !ϖ 6N3

from which it is possible to obtain the explicit relation for the Fermi energy:     



In momentum space, the step function corresponds to a sphere 
of radius kF: @ T=0 all the momentum states ≤ kF are occupied! ➔ 
consequences on the collisions between fermions (Pauli Blocking)  

Another important quantity which can be defined 
is the Fermi radius of our trapped degenerate gas:

� 

RF = 2EF

Mωr
2

  

� 

kF = 1
!
2mEF

kF



We directly get:     

� 

RF ∝ aho N6

It is worth to compare the size of the Fermi gas with the harmonic 
oscillator length of the ground state of our trap:     

  

� 

EF = !ϖ 6N3

� 

RF = 2EF

Mωr
2

  

� 

aho = !
mω



If N»1 then the Fermi radius RF largely exceeds ah0. This is 
another consequence of the Pauli exclusion principle.

In fact the Pauli exclusion principle induce an “effective” repulsion 
between the fermions in the trap -> Fermi pressure.    

This behavior differentiates the Fermi gas respect to the Bose gas: 


Interacting BEC: interactions + harmonic oscillator length (typically Uint<EF )    


Ideal BEC: harmonic oscillator length

� 

RF ∝ aho N6



Comparison with a classical gas: the size RC➜ 0 if T➜ 0, since R2
C ∝ T

Fermi gas

Classical gas
Fermi pressure



A. G. Truscott et al., Science 291, 2569 (2001)

� 

RF ∝ aho N6

BEC Fermi gas



A neutron star is a type of compact star that can result from the gravitational 
collapse of a massive star after a supernova. Neutron stars are the densest 
and smallest stars known to exist in the Universe; with a radius of only about 
11–11.5 km (7 miles), they can have a mass of about twice that of the Sun. 
Neutron stars are composed almost entirely of neutrons, which are 
subatomic particles with no net electrical charge and with slightly larger 
mass than protons. Neutron stars are very hot and are supported 
against further collapse by quantum degeneracy pressure due to 
the phenomenon described by the Pauli exclusion principle, which 
states that no two neutrons (or any other fermionic particles) can 
occupy the same place and quantum state simultaneously.

From Wikipedia



Fermions in a flat-bottom trap  
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Zwierlein’s group @ MIT: realising 
an homogenous atomic Fermi gas 
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B. Mukherjee et al. Phys. Rev. Lett. 118, 123401 (2017)


